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SUMMARY

The reaction-diffbsion model is one of the theoretical

apploaches used to realize autonomous decentralized sys-

tems. The model conventionally assumes that all compo-

nents of a system locally interact with each other under ideal

conditions, ignoring any effect fi'om the environment. How-

ever, it has recently become clear that nonlocal interactions

mediated by the envir onment play an irnportant role in the

ontogenesis of multicellular organisms, a typical autono-

rnous decentralized system. In this paper, we discuss the

"redifferentiation" phenomenon of cancer cells in which

such a nonlocal interaction is considered to play an essential

role. Further, we propose a model to reproduce this phe-

nomenon and mathematically analyze our model to con-

struct autonomous decentralized systems with nonlocal

interactions mediated by the environment in the tuture.
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1. Introduction

In a variety of technological fields such as computers,
distribution, transportation, and many more, the recent
trend toward huge systems has made it essential to construct
con trol I ab le au tonomou s dece n t ralized systems.

The selt'-organizing phenomena of multicellular or-
ganisms have always served as a nrajor guideline for mod-
elin-e autonomous decentralized systems. ln particular,
ontogenesis is one of the most significant phenomena.
Basically, ontogenesis begins with a single fertile egg and
repeats cell division, followed by cell differentiation and
movement, as a complex plocess of shape formation.

Reaction-diffusion models ol' chernical substances
have been successful as a theoretical approach to clarifying
the mechanisrn of such shape formation. Starting with
Turing's study I I ], a large number of reaction-diftusion
models [z,3]have been proposed. They form a large variety
of spatiotemporal patterns, including not only simple gra-

dient patterns but also complicated spatial patterns and
temporal oscillation patterns. Such a reaction-diffusion
rnodel has recently drawn attention as a theoretical model
fbr realizing autonomous decentralized systems. It has cur-
rently been applied to control models for traffic signal
networks [e.g .,4-61.

Most reaction-diffusion models conventionally have
assumed that all components of a system locally intemct
with each other under ideal conditions, igrroring any envi-
ronmental eff'ect. However, it should be noted that any real
technological system involves some structure as an environ-
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ment behincl the components of the system. In this situation,
all of the components do not necessarily locally interact
with each other. In fact, in recent years it has been shown
irr the tield of developmental biology that even in the
ontogenesis of rnulticellular organisfirs, nonlocal interac-
tions mediated by physical structures as the environrnent
play an important role [7, 8].

Irr this paper, we cliscuss the rediff'erentiation of can-
cer cells, in which such a nonlocal intemction is considered
to play an essential role. Further, we propose a moclel to

reproduce this phenomenon and mathematically analyze
our model to construct autonomolls decentralized systems
with nonlocal interactions mediated by the environment in

the future.

2. Relation between Order Formation of

Cell Population and Extracellular

Environment

Usually, an individual maintains the order of a system

based on communication between cells through the ploc-

esses of proliferation, diff'erentiation, and repeated alterna-

tiort.
Cancer is a phenomenon in which an individual pro-

duces an abnormal group of cells, so-called cancer cells,

that contravene such an order. I[ is a serious disease that is

deeply associated with the essential functions of cells such

as cell proliferation, differentiation, and others. Cancer

cells keep proliferating infinitely by cutting off all contact

with surrounding cells. Then, they disorder a cell popula-

tion and hinder the functions of various olgans that maintain

the life activity of the individual. Finally, the individual,

including the cancer cells themselves, is destroyed. The

question arising here is: What is the relation between car-

cinogenesis of cells and the extracellular environment?

A series of experiments conducted by Mintz and

colleagues give an important clue to this question [9, l0].

In their experiment on chimeric rnice with both normal and

cancer cells, they obtained the interesting result that cancer

cells return to normal and newly start cell redifferentiation
in a special extracellular environment. First, they prepared

two different types of mice on a genetic level: a female

mouse with normal cells and another mouse with powerful

cancer cells derived from teratocarcinoma. Next, they im-

planted an early embryo in the womb of the female mouse

with the cancer cells of the other rnouse. After the embryo
grew in the womb, the female mouse finally gave birth to a

chimeric mouse of normal characteristics. Since they were

careful to select a female mouse that could be strictly

distinguished fi'om the other mouse on the genetic level, it

was possible to clear ly identify which part of the newly bortt

chimeric mouse's body came from the cancer cells. Surpris-

ingly, they could not find cancelous tissue anywhere in the

trody. In other words, evell the parts derived trom the cancer

cells dicl not show signs of cancer.
This rneans that the cancer cells cornpletely return to

normal ones at the levels of both tissues and cells in the

womb. Narnely, when powerful cancer cells behaving selt'-

ishly al€ placed in an applopriate environment, they no

longer can behave arbitrarily. Instead, they become mem-

bers of the embryo having a neatly organized state and

regain a strong capability of communication. Further study

must be rnade before concluding that the same effect ap-
pears in all kinds of cells. However, the results of these

experiments suggest that the carcinogenesis of normal cells

and the redifferentiation of cancer cells are affected not only

by the mutation of the original cancer genes and the can-

cer-suppressing -qenes in a cell, but also by changes in the

extracellular environment controlling the interactions be-

tween cells I I, l2].
In this paper, we focus on the extracellular matrix

(ECM) as an extracellular environment able to suppress the

abnormal behavior of cancer cells. The ECM is a gel-like

medium composed of complex protein filaments forming a
global network between cells. It is joined to the cytoskele-

ton in each cell by transmembrane matrix receptors such as

integrin, penetrating the cell membrane. Previously, the

ECM was regarded merely as a cementing material that

retains water and fills the gap between cells. At best, its only

role was believed to be the physical support of cells.

However, recent researches have shown that interac-

tions between the ECM and cells through integrin cause the

transmission of a variety of signals controlling cell prolif-

eration, differentiation, and death inside the cells. Namely,

the ECM is an extracellular environment that acts as a

solid-phase cytostatic factor rnaintaining the constant trans-

mission of signals through the integrin and other transmem-

brane matrix receptors. For example, fibronectin, which is

one of the cornponents of the ECM, joins with various cell
proliferation factors such as protease, fibrocyte growth

factor, and others. Fibronectin adjusts the speed of cell
proliferation by increasing or decreasing the activity of cell
prolifemtion factors. .

Further, recent researches have shown that the ECM

is an essential factor for two rnechanisms of controlling cell
proliferation.

The first is the trigger mechanism of cell prolifera-

tion. The genes of a cell are activated by two kinds of signal

through the same transmission paths in the cell tl3l. One is

a signal transmitted from the ECM to the inside of the cells

through integrin. The other signal is transmitted frorn the

extracellular fluid to the inside of the cells through cell
proliferation factor receptors. This fact also means that tor

cell proliferation, signals fiom both the EcM-integrin

system and the cell proliferation tactors-their receptors

system must always work at the same tirne in a cell. Namely,

56



in the absence of a signal fiom the ECM, all cells fail to
prnlif'erate even if they are given cell proliferation factors.
This phenomenon is generically called anchorage depend-
ence of cel ls [  14, l  5].

The second is the contact inhibition mechanism be-
tween adjacent cells. This is well known as a phenomenon
in which the ECM transmits signals that inhibit cell prolif'-
eration to cells when the cells contact each other. The effect
of contact inhibition greatly contributes to the well-orderecl
formation of spatiotemporal patterns in a cell population

ll 6, t7).
It has become biologically clear that the mutation of

the original cancer genes and the cancer-suppressing genes
destroys the functions of anchomge dependence and con-
tact inhibition. In this sense, the mutation of genes is clearly
one of the essential factors in cellular carcinogenesis.

The mechanisms described above arc based on the
local signaling properties of the ECM. However, it should
be noted that the ECM constitutes a global system having
some global ploperties of signal transmission that affect cell
prolif'eration, for the following two reasons.

(a) The ECM is a global dynanric system having
viscoelastic properties. It is well known that the ECM plays
a direct role in formation of the pafticular shapes of mul-
ticellular organisms [ 16, l7].Murray and colleagues have
ploposed models of shape formation in anirnals based on
the dynamics of the ECM [8, 19]. In these models, they
assume that the ECM constitutes a global system having
vi scoelastic properties.

(b) The ECM has a mechanism for mutual conversion
between mechanical and chemical reactions. Biological
tesearches have already shown that the cell-ECM system
has a mechanochemical mechanism that interconverts be-

tween mechanical and chemical reactions il6-191.

Biologically, the findings above suggest that the
ECM globally affects a variety of chemical reactions in a

cell population [20, 2ll. Specifically, the ECM havin.-e
global structure probably acts as a go-between mediating
nonlocal interactions between cells beyond adjacent re-
gions. In this connection, recent experirnents on Drosophila
and mice have shown a very interesting phenomenon called

the "cytoname" f7,8]. In this phenomena, a cell itsell by
expanding its cytoplasm as a pseudopod, goes beyond its
neighboring cells to reach a remote source of signals, where
it picks up signals itself . However, another phenomenon has
also been discovered, which irnplies that the cytoname
alone is not sufficient to explain various situations of shape
fonnation t221. Therefore, nonlocal interactions between
cells mediated by the ECM are regarded as a strong candi-
date for an alternative mechanism.

It is ah'eady recognized that both the ECM and inte-
grin al€ strongly connected with carcinogenesis of cells.
Regarding this, the following are a few of the experimen-

tally identilied diffbrences between normal and cancer cells

[ 16, l7].

(a) The quantity of fibronectin decreases in the vicin-
ity of cancer cells.

(b) The quantities of integrin and cadherin, which is
an intercellular adhesion molecule, decrcases in cancer
cells.

Since these situations disrupt communication be-
tween cells, the cells start to proliferate abnormally.

From this discussiolr, it can be inferred that for order
formation in multicellular organisffis, the ECM plays an
important role as extracellular environment in the presence
of integrin. Also, w€ can estimate that changes in the
properties of the ECM alter the behavior of cells. Further,
these irrf'erences lead us to the assumption that changes in

the properties of the ECM cause redifferentiation of cancer
cells. To examine this assumption, we attempt to model the
dynamics of the cell-ECM system in Section 3.

3. Our Model

Figure I shows a schernatic diagram of our model.

Most reaction-diffusion models describing the dynarnics of

cell populations have assumed that all cells of a system
intemct locally witlr eacl'l other t231. However, as men-

tioned in Section 2, the ECM mediates not only local

interactions between adjacent cells but also nonlocal inter-

actions between cells beyond adjacent regions. Therefbre,
a mathematical rnodel satisfying this requirement can be
forrnulated as

0N(x,t)
at

-  DNV' ry*Gr (N)  *Gz(N)
f 1't

I I w(*,x' it,r ')F(N(*', t '))dt'dx' (t)
Jn J to

where f/ - N(x, r) > 0 is the density of a cell population, and
Q is the spatial domain in which the integral kernel IV is
well-defined. In Eq. ( I ), thd first term on the right-hand side

shows the short-range diftusion motion of cells, the second
the contact inhibition of the cells, the third the anchorage
dependence of the cells, and the fourth a nonlocal interac-
tion between cells beyond adjacent regions mediated by the
ECM.

For simplicity, in this paper we :ISSume that the space
is one-dimensional. Under this supposition, we ftrrther
assume that the lower limit of time integration and the range
of space integration in the fourth term on the right-hand side
of Eq.(l) are f0 = -"" and tQl -oo ( x'1oo), respectively.
However, these assumptions do not cause any loss of gen-
erality in the following analysis.



p,(N)
Based on Fig. l, the cletails of these terms are mod-

eled in the following way. First, the second term on the

right-hancl sicle is written as Gr(/U) = pr(/04f. Here P'(S,
which represents the intensity of, the contact inhibition, is

given by

n(N) :  -PtaN *  P,  (2)

wherc ct is a parameter exprcssing the ptoperties of the

integrin. In Eq. (2), the first term on the right-hand side

expresses the inhibition effect, observed only when there is

an integrin-mediated bond between a cell and the ECM, that

is, when the cells are in normal states. It suggests that the

greater the density of the cell population, the greater the

inhibition effect. The second term on the right-hand side of

Eq. (2) expresses the degree of abnormality regarding the

inhibition effect resulting from the carcinogenesis of cells.

The third term on tfie right-hand side of Eq. ( I ) is

written as G2(M) = p2(M)M. Here p:(M), which represents

the intensity of the anchorage dependence of cells, is given

by

pz(N) :  psa/  (3)

where F is a parameter expressions the properties of the cell

prolif'eration factor receptors. Equation (3) suggests that

cell proliteration occurs only when both the integrin and

fibronectin exist at the same tirne. The functions pt(N) and

Pz(M) are graphed in Fig. 2, whels we assume ideal condi-

tions ignoring the explicit spatial dependence of these func-

tions.
Next, the integrand F in the fourth term on the righr

hand side of Eq. ( I ) is actually a filter function that ex-

prcsses the cascade reaction of signaling inside and outside

a cell. As shown in Fig. l, this cascade rcaction works via

the integrin. This means that the integrand F is described as

(b)

Fig.2. Coupling of local interactions between cells. (a)

Contact inhibition; (b) EcM-dependency.

f(N) : pao-N

The integral kernel W(x, x', t, r') in the fourth term on

the right-hand side of Eq. ( I ) is actually a weight function

that exprcsses the spatiotemporal properties of the nonlocal

interaction between cells mediated by the ECM. Here, we

(4)

Short-range cliffusion (Dr.d

H

€
Non'local interaction thtough ECM(W)

Fig. l. Schematic model of a cell's dynamics on the ECM.

lEcM

p,(N)

roliferation factor



a.ssulne that the integral kernel W satisfies four mathemati-
cal conditions.

(l) VV is a function of .l' = I x - x' I and s = t - t':

W ( * , x ' , t , t ' )  -  W ( y , t )  w h e r e  t  -  h  > s > 0  ( 5 )

(2) W is positive in the entire region of both l' and s:

W(y,s) 2 0, Vt', Vs (6)

(3) W (J', s) is a monotonically decreasing function of
both )' and s:

W Q r , s ) + 0  f o r  J , + 0 , s + 0  
( 6 ' )

@) Wg', .r) is normalized as follows:

environment finally form normal shapes in the presence of
transmembrane matrix receptors. Mathematically speak-
in.-e, this corresponds to the formation of a spatially inho-
mogeneous steady-state pattern, that is, a Turing pattern,
and a temporal oscillation pattern.

Theretore, we are interested in whether Eq. (9) has
asymptotic solutions such as a Turing pattern ancl a tempo-
ral oscillation pattern fiom an appropriate initial condition,
that is, a spatially homogeneous steady state, for appropri-
ate values of the parameter cr of the integrin and the integral
kernel W of the ECN { 1241.

First, in the following mathernatical analysis, we
separate the situatiolt o = Q trorn the situation a * 0. As
discussed in Section 2, the ECM influences cell prolifera-
tion only if the integrin exists. This means that o = 0
corrcsponds to a situation in which the ECM does not aff'ect
cell proliferation and a i 0 a situation in which the ECM
affects cell prolif'eration. For a*0, we consider two typical
types of integral kernel W satisfying the mathematical
conditions described above.

4.1. Case of cr = 0

In this case, Eq. (9) solves one of the conventional
reaction-diffusion models of one variable as follows:

ニズ
∞″し,→おむ=1  0

Thus, the dynamics of the cell-ECM system is finally
written as

0N ( r , t )
0t

- Dn# - PtaN3 * (p, * psaD)N2

f *  f *  - - - .  \'Paq 
J _* J, 

w (a,') (8)

x N ( r - y , t - s ) d s d y

Of course, although this model is not strict, the picture

shown in Fig. 1 is easy to understand. It can reasonably

serve as the starting point for proposing mol€ realistic
models in future research. For simplicity, applying the set

ofparameters DN=1, pt = 1, Pz= l ,  Pr = c[ > 0, P+ = p > 0
with appropriate units, Eq. (8) is rcwritten as

∂N(π,t)

∂ι

∂2年_αⅣ3+(1+α2β)Ⅳ2
∂π

∂

鍵籍
旦 =盛 三 十Ⅳ

2
(10)

″ (γ,S)

S)dS力

4. Mathematical Analysis

The changes in the properties of the integrin and the

ECM actually correspond to the changes in the parameter
cr and the integral kernel W inEq. (9). As understood from
observations of the ontogenesis ol various multicellular
organisffis, cell populations placed in a normal extracellular

which represents the dynamics of a cell population with no
influences of the ECM. The behavior of a solution of Eq.
( l0) is graphed irr Fig. 3. Starting at a point of time exceed-
ing r - 70, the values in the neighborhood of r = l7 were

seen to increase rapidly, r'esulting in divergence. This sug-
gests that the solution will explode during a finite time.

Fig. 3. Behavior of Eq. (10). Initial condition: N(r, 0) =

1.0 + tandom. Boundary condition: Dirichlet type.
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Generally, whether solutions of Eq. ( l0) show divergence
or convelgence depends on the initial conditions. This can
be qualitatively demonstrated by renormalization group
arralysis [25 ,26f .

4.2. Case of a * 0

In this case, the steady-state solutions N of Eq. (9)

satisfy

a2N
w 

-  oNt  + (1 + o '  0)N2 -  o ,pN -  o  ( l l )

It is clear that the spatially homogeneous steady-state
solutions No = 0, l/s and gB, satisfy Eq. ( I I ). In this paper,
we restrict the parameters u and F to satisfy the condition
0 < I la <op, that is, cr2p > I , and select the initial condition
as follows:

A/o (r, t) : L lo, Vt < 0, Vr € R (12)

This is one of the spatially homogeneous steady-state
solutions No described above. To examine how fluctuations
develop with time in the neighborhood of this initial condi-
tion N,n,, we substitute an infinitesimal quantity rt expressed
tl = N - l la into Eq. (9).As a result of using Eq. (l l), we
get a linear equation in n:

}n(r . , t )

0t
02n:  
W*QaP-L /a )n

W (y,  s)n ( r  -A, t -  s)  dsdy (  l3)

Next, we assulne n(x,, t) - exp(lf + ilct) as a special
solution of Eq. (13). In this case, the necessary and suffi-

cient condition for n to be a nontrivial solution is that the

eigenevalue l, satisfies the characteristic equation

^+  kz  + r lan -2o ,g+a7W(^ , t r ' )  -o  (14)

where lhe function W is defined as

″ (ν,S)C~こ
たυC~λ

SaSα
ν (15)

4.2.1. Case with lil as delta function

We assume

Substituting Eq. ( l6) into Eq. ( l5) gives

W(l ,k ' )  -  1 (17)

Further, substituting Eq.(17) into Eq. (14), we obtain the
characteristic equation

*  a0  (18 )

For the initial state Nin, to be stable, the condition Re
l, < 0 must be satisfiecl. Gradually increasing the bifurcation
parameter p starting from a small value makes the initial
state Nini unstable under the condition Re l, > 0. Therefbre,
the condition Re l, = Q rcprcsents the bifurcation point of
stability. This bifurcation point appears in the curve de-
scribed as

0:k2 l2o+ 1 /2o' = f (k')
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The graphJ'=.f(x), where x: kz > 0, is shown in Fig.4. In
Fig. 4, the unstable region satisfying the condition Re l, >

0 is seen in the upper part of the graph. Herc F. in the graph

is given by

gr-r/Zc'2 > o (20)

Figure 4 also suggests that the mode of the wave
number satisfying kc = 0 becomes unstable when p is
reached at the biturcation point F" Any new steady state
appearing in the neighborhood of the bifurcation point pt

is found to be spatially hornogeneous.

xc= hl

″ (ν,S ) =δ (ν)δ(S ) (  l6 )
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(22)

Further, substituting Eq. (22) into Eq. (14), we obtain the
characteristic equation

αβα
2b

嘲 句=

4.2.2, Case with I7 as exponential function

Next, we assume

W(r ' ,s)= af2 ' r -ut r t  '  6r -h ' r  fOra>0,  b>0 Ql)

where a and b are scale parameters representing the spatial
and history properties of a nonlocal interaction between
cells mediated by the ECM. Substituting Eq. (21) into Eq.
( l5) gives

Plots of I =f(x) ancl l'= g(.r) where x= k? > 0 are shown in
Figs. 5(a) and 5(b). [n Figs. 5(a) and 5(b), the unstable
region satisfying the conditions cr10 and dk < 0 is seen in
the upper part of the graph. p" and F, in the graph are
rcprcsented as

gn :L /2c ,z  *b l2a>  o (30)

g r : L l 2 a 2  * a ( 2 a - o ' o 2 ) t l z f 2 a  >  o  ( 3  l )

As shown in Fig. 5(a), a Turing bifurcation occurs at
tlre bifurcation point F. if the condition 9, > pr, that is, D
> (2a - o,za2)''21o', is satisfiecl. In addition, we must con-
sider another condition 0 < a < l/a.tt?, so that the position
x, which gives the larger value of the two extreme values in

J'=.f(r), is positive.
Thus, the condition for a Turing bifurcation is

p,

Ito,2

pr

pr

y = g(r)

1/♂

βr

βH

β"

/r" urymptotic line:

, / r ' = - t / a + i t a  +  I / 2 a 2

.Tc=たご

( b )

Fig。5.Graphs ofy=。ル)and J=g∈).(a)β″>βT:(b)
β〃く〔βT.

\ + k 2

that is,

2αβ+
(た

2+α 2)(λ+b)

λ
2 + Cた

λ+dん = 0

where ct and 4 are κpКSented as

cx:k2 + 1 /a - 2o'0 + b

一

１

一
α

＋

た

ｒ

ｉ

く

ｉ

ｔ

〓
α

=o(23)

(24)

(25)

+1/α-2αβニト百手1争11丁}  (26)

(27)

'ury*ptotic 
l ine:

, / ' ! * = x / a + r i t a + / / 2 g 2

Therefore,the cigenvalues aκ

λ土={~Cた土(cた
2_4dた

)1/2}/2

(a)
For the initial state Nin, to be stable, both of the conditions
Re l,* < 0 and Re l,- < 0 must be satisfied sirnultaneously.
In other words, both of the conditions cr.) 0 and dk> 0 must

be satisfied simultaneously with respect to all values of the

wave number k. Hence, when B is gradually increased fiom
a small value, the initial state Nin, becomes unusable if either
of the conditions Re l,* > 0 and Re l"- > 0 is satisfied. The

tbrmer is equal to the condition cr ( 0, which conesponds
to the Hopf bifurcation, and the latter the conditi on dr< 0,
which coffesponds to the Turing bifurcation, with respect

to a specific wave-number region. Therefore, the conditions
ck = 0 and cl* = 0 represent the bifurcation point of these

biturcations. These bifurcation points appear in the curves
described as

p:kz l2o * bl2a+ 1 l2o' :  g(k') (28)

c ' l c a * ( a a ' + L ) k ' * a 2

)' = f(x)

//

β=
a2 (2k2 * ar)

= f (k') (2e)
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b>α(2α―α2α2)1/2/α,  0<α<1/α1/「(32)

When F is gradually increased startin.-s from a small

value, the condition Re l,* < 0 are satislied tor small B.
When F is reached at the bifurcatiotl point pr, the condition
dk.= 0 appears in the rnode whose wave number is given

bi

kc -  * t { -  oa '  *  a(2a -  o 'o ' ) t /2}  /o l ' / '  (33)

and mode I. becomes unstable while mode l,- rcmains

stable.
Since no boundary conditions are given to derive the

wave number ks, the wave number k. does not depend on

the size of the system. The instability of the mode whose

finite wave number kc is indicated by Eq. (33) implies that

a Turing pattern appears. Conversely, if the condition Fn <

pr, that is, b < (2a - s.2a2)'t2la, is satisfied, the condition

ct - 0 is satisfied at B = F' before a Turing bifurcation

o.tbrt at B = Fr, as shown in Fig. 5(b). In this situatiotl, o

pair of modes expressed by l.r = t{b(l - sb)l}a)'t'Ii

becomes unstable. While the condition B t F" it satisfied,

a temporal oscillation associated with a Hopf bifurcation

occurs. Figure 6 is a phase diagram reprcsented by Eq. (33)

in the parameter spa ce (a2,b). In Fig. 6, T denotes a Turing

pattern and H a temporal oscillation pattern resulting from

a Hopf bifurcation.

4.3. Numerical analYsis

From the above analysis, it becomes clear that the

initial state Nin, = lla becomes unstable in the neighbor-

hood of the bifurcation points pr and Fn. To discuss a

specific pattern formed after reaching instability regions,

we also performed numerical simulations using several

parameters. The results of these simulations are summa-

1 /  (s) t

θ       1/(α )1/2     α
2

Fig.6。 Phase diagrain in parameter spacc(α
2,b).

Fig。7。  Spatial inhomogeneous solution.Initial

condition:JV(ガ,の=l.0+rt7“dθ″7.BOundaly

c o n d i t i o n : D i r i c h l e t  t y p e , o t = 0。5 ,α= 1。2 ,

b〓2。0,β=3.96.

rizecl in Figs. 7 and 8. In the simulations, we use the

boundary condition of the Dirichlet type. From Fig. 7,

which shows the result of calculation based on the parame-

ter values o = 0.5, B = 3.96,a = 1.2, and b =2.0, we get a

spatially inhomogeneous pattern as an asymptotic solution.

From Fig. 8, which shows the result of calculation based on

the parameter valueS f[, = I .0, p = 3.0, a =0.5, and b - 0.7,

we get a spatially inhomogeneous and tempomlly oscillat-

ing solutiort as an asymptotic solution.

Fig. 8. Spatial inhomogeneous-temporal oscillationary

solution' Initial condition: N(x, t) = l '0 + randonu

Boundary condition: Dirichlet type,
( [ =  1 . 0 ,  A = 0 . 5 ,  b = 0 . ' l  , p = 3 . 0 .

3 . 2

3

2 . 8

2 . 6

2 . 4

2 . 2

2
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5. Discussion and Conclusions

The mathernatical arralysis in Section 4 shows that
the asyrnptotic solutions for cr - 0 are different from those
lor cr *0. Specifically, the former forms a Turing pattern or
a temporal oscillation pattern depending on the parameter.s
of the integral kernel W, while the latter divelges.

First, we discuss the biological implications of this
finding associated with the rediff'erentiation of cancer cells.
Our cell population starting from the initial conditions
consisting of a steady state and a fluctuation proliferates
abnonnally (the solution diverges) if there is no influence
fr om the ECM (cr = 0). However, if there is some influence
fi'om the ECM (o * 0), the cell population does not prolif-
erate abnormally but becomes normalized (the solutiott
settles down to a Turing pattern) in the neighborhood of the
first-order biturcation point of B (namely, in the region
where the density of the cell proliferation tactor exceeds the
threshold).

Thus, we obtain the new insight that the ECM as an
extracellular environment plays an important role in the
process of forrning the order of a cell population. In par-
ticular, the inhibitory effect of nonlocal intemctions be-
tween cells mediated by the ECM is probably significant.

This conclusion suggests a probable reason that
hardly any examples of Turing patterns in the conventional
reaction-diffusion models, which describe the dynarnics ol'
chernical substances, have been seen in real biological
systems. In 1990, Castets and colleagues successfully re-
produced the Turing pattern fbr chemical substances by
using iodide as an activator, chlorite as an inhibitor, and
malonic acid. Although at the laboratory level, it was the
world's first experiment of that kind, the presence of starch
was a major factor in the experiment because the starch
formed a stable complex with the iodide and reduced the
dillusion velocity of the iodide. As a result, the diffusion
velocity of the activator became markedly lower than that
of the inhibitor, so that the iodide formed a stable Turing
pattern based on the principle of short range activation-
loug range inhibition [28].

The results of their experiment imply that in the real
process of forming the shape of multicellular olganisms, it
is difticult to form a Turing pattern with only a reaction-dif-
fusion system of chemical substances. As our analysis in

this paper indicates, it is necessary to consider the proper-

ties of the ECM as extracellular environment underlying the

system, in particular nonlocal interactions mediated by the
ECM.

Equation ( l0), which describes the dynarnics of a cell
population with no influences of the ECM, is an example
of conventional reaction-diffusion models of one variable.
Ttre mathernatical analysis in Section 4 shows that the
solution of Eq. (10) is qualitatively diflerent from that of

Eq. (9). Such a differcnce is also expected to appear when
a comparison is rnade with conventional rcaction-diffusion
models of many variables. In connection with this, recent
rcsearch shows that there is an interesting pattern, called the
drift pattern, which is a peculiar solution exhibited by a
model that is of the same mathematical class as our rnodel

L271. We have undertaken a mathematical analysis of pecu-

liar patterns formed by our model described by Eq. (9).

Reaction-diffusion models of the class proposed in
this paper suggest that it is possible to expand the frame-
work from an ordinary reaction-diffusion model, which is
based on local interaction between the components of a
syste m, to a genera lizech'eacti on-di ffu s i on model i ntroduc -

ing a nonlocal interactiort. Applying our model to an
autonomous decentralized system will expand the scope of
application of any control model using conventional reac-
tion-diffusion moclels from a uniform environment to a
nonu ni forrn envi ronment.

Next, we discuss this possibility by using an example:
the control model of road traffic flow. Recent traffic flow
models based on a rcaction-diffusion model control the
trafflc signal network as an autonomous decentralized sys-
tern and focus on the offset between adjacent tratfic signals.
Here the "otTset" is defined as the difference in timing of
the green lights. With their assumptions limited to the
real-time interaction between traffic signals, these models
place traffic flow under control so that the systern convelges
to an appropriate offset value. For such a control model,
since there is no need to control the system so that it follows
the optimum solution obtained in advance, it is possible to
control the system on a real-time basis. Thus, it provides
many benefits, so that even an unexpected vehicle accident
makes it possible to take appropriate action, unlike the
conventional control rnodel for a traffic signal network with
central ized control [4-6]

However, it should be noted that these reaction-dif'-
fusion models for a traftic signal network assume only local
interaction between adjacent traffic signals. This assump-
tion is etfective if all traffic signals constituting the system
are uniforrnly positioned within the environment, that is, a
traffic signal network. In such a case, it can be assumed that
a local environment is essentially identical to a global

environment. [n this sense, the conventional method of
controlling traffic signals with a reaction-diffusion model
is applicable to a control model in an ideal environment.

Often, however, the density of traffic signals in an
actual traffic signal network is different from location to
location. In this situatiort, it is not efTective to approximate
a local environment as a global one. One approach intro-
ducing the effect of a nonuniform environment into a model
is to introduce nonlocal interaction between traffic signals.
Any rcaction-difftrsion model of the class proposed by this
paper appears to have naturally introduced nonlocal inter-
action based on biological findings. Therefore, it could be
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expanded into a control model for an autonomous decen-
tralized system considering the effects of environment. For
example, it will be possible to explore a new possibility in
engineering: GPs-based global control of traffic signals.

We are presently investigating the application of the
reaction-diffusion model with nonlocal interactions medi-
ated by the environment to the control model for a traffic
signal network.
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